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Invariance Properties
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Conservation Laws for Physical Systems



Points and Vectors
(Atkey, Johann, Kennedy POPL2013)
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What is the difference between:
accepting a pair of points:

f:R*xR* - R
accepting a pair of vectors:

g:RExR* 5 R

Points vary with change of origin:

Vi e T(2). Vi, 5. f (351 + % + 1) = (1, %)

Idea: ensure this property using types



A higher kinded type:
R?:T(2) — =



A higher kinded type:
R?:T(2) — =

Different types:
FiVET(2). R3(t) x R*{f) - R

and
g:R¥0) x R%(0) — R



A higher kinded type:
R?:T(2) — =
Different types:
FiVET(2). R3(t) x R*{f) - R
and

g:R¥0) x R%(0) — R

.. with interpretation:

[R?]°- =R xR
[R2]" ¢ = (%) | $= v +7)






What can we use invariance properties for?



Lagrangian Mechanics and Noether’s Theorem
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Lagrangians:
L(t,q,q) =T—V

where:
T'is the total kinetic energy of the system
Vis the total potential energy of the system



Lagrangians:
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where:
T'is the total kinetic energy of the system
Vis the total potential energy of the system

Example:

X1 X2

. 1 .2 .2 1 2
L(t, x1, X0, X1, X)) = Em(xl + %) — Ek(xl — x2)



Paths:



Paths:

The Action:



Paths:
q(t)

The Action: )

Slq @ b =J L(t, q(0), 4(1))dt

a

Principle of Stationary Action: (Euler-Lagrange Equations)

— d oL oL __
8§=0 & 4% —-S=o0

The “physically realisable” paths g satisfy these ODEs



The spring:

X1 X2

. . 1 . 2 . 2 1 2
L(t, x1, X2, X1, X2) = gm(xl + x°) — Ek(xl —x2)

The spring’s Equations of Motion:
mx; = —k(x — x2) mxy = —k(x, — x1)

Newton’s second law is derived.



Noether’s Theorem
From Invariance to Conservation Laws



Given an Action:

b
Slg,a; b = J L(t, q, q)dt

a
assume transformations of time @, : R — R
assume transformations of space ¥, : R" — R"
where @y and ¥, are the identity

Invariance of the Action:
The action is invariant if (for all g, a, b, €):
O (b)

b
J L, q(t),q(t))dtzj L(s, ¢°(s), ¢*(s))ds

a De(a)

where ¢* =¥, 0 qo ®_!



Noether’s (first) Theorem:

If the action ,

Slq a b =J L(t, ¢, 4)dt

a

is invariant under @, and ¥, then

d [« OL = 0L
- Wit | L— lin =
dt (i—l aq,-lb ! ( ;q aqi) (I)) ’

where ¢ = ae _,andp = =0



Invariance of the Action:
The action is invariant if (for all g, a, b, €):

O (b)

b
J L(t, q(1), (1)) dt = L) L e g (s

where ¢* =¥, 0 go ®_!



Invariance of the Action:
The action is invariant if (for all g, a, b, €):

b ®e(b) _
J Lt, q(), (1)) dt = L) L e g (s
where ¢* =¥, 0 go ®_!

Simplified Invariance:
when @ (t) = t+ t/, and ¥(x) = Gx + x/, then invariance reduces:

L(t,q,q) = L(t+t',Gg+ x', Gq)
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The spring:

X1 X2

. . 1 . 2 . 2 1 2
L(t, x1, X0, X1, X)) = Em(xl + x%%) — Ek(xl — x3)

Invariant under change of origin:

vy' L(t) xl)x2)-x:1>x:2) = L(ta x + Yy X2 + ¥ x.'lax'Z)



The spring:

X1 X2

. . 1 .2 .2 1 2
L(t, x1, x2, X1, X2) = Em(xl + x%%) — Ek(xl — x3)

Invariant under change of origin:
vy' L(t) X1y X2, -x:h x2) = L(ta X1+ Y X2+ xl) x2)
so, for all paths for x; and x; satisfying the e.o.m.:

&m(xl +x2) =0



Kinds, Types, and Terms for Classical Mechanics



Higher kinded types for Classical Mechanics:

R" : GL(n) — T(n) — CartSp
C>® : CartSp — CartSp — *
11— : CartSp — =
where
GL(n) — the kind of invertible linear transformations
O(n) — the kind of orthogonal linear transformations
T(n) — the kind of translations

CartSp — the kind of cartesian spaces



Term constants for Classical Mechanics:

Iy

. 1 R™(1,0)S

:VgGL(n). TR"(g,0)§

:Vg:GL(n), 11, 1T (n). C(R™(g, 1) x R™(g, 1), R™(g, 11 + £2))
: Vg:GL(n), t1, t:T(n). C°(R"(g, t1) x R™(g, t2), R™(g, t1 — t2))

:Vg1:GL(1), g2:GL(n).

C*(R(g1,0) x R"(g2,0), R(scale,(g1)g2,0))

:Vg:GL(1), 0:O(n).

C*(R"((scale, g)(ortho, 0),0)x
R"{(scale, g)(ortho, 0),0), R{(scale, g)?,0))



Term constants for Classical Mechanics:

oy

: TR™1,0)§

1 VgGL(n). TR™(g0)§

:VgGL(n), t1, t:T(n). C°(R"(g, t;) x R"(g, t2), R™(g, t1 + 1))
:Vg:GL(n), 1, t:T(n). C°(R"(g, t;) x R"(g, t2), R* (g, t; — 1))

1 Vg1:GL(1), g2:GL(n).

C*°(R(g1,0) x R"(g,,0),R(scale,(g1)gz,0))

:Vg:GL(1), 0:O(n).

C>*(R"((scale, g)(ortho, 0),0)x
R"{(scale, g)(ortho, 0),0), R{(scale, g)?,0))



Term constants for Classical Mechanics:

(Y]

: TR™(1,0)§

:VgGL(n). 1 R"{g,0)]

VEGL(n), t1, 1T (n). C2(RMg, i) x R"(g, 1), R"(g, 1 + 1))
VEGL(n), 11, T (n). C2(RMg, i) x R"(g, 1), R"(g, 1 — 1))

: Vg1:GL(1), g2:GL(n).

COO(R<g1) O) X Rn<g2) 0>> R<Sca1en(g1)g2> 0>)

:Vg:GL(1), 0:0(n).

C*(R"((scale, g)(ortho, 0),0) X
R"((scale, g)(ortho, 0),0), R((scale, g)%,0))



Term constants for Classical Mechanics:

(Y]

: TR™(1,0)§

:VgGL(n). 1 R"{g,0)]

VEGL(n), t1, 1T (n). C2(RMg, i) x R"(g, 1), R"(g, 1 + 1))
VEGL(n), 11, T (n). C2(RMg, i) x R"(g, 1), R"(g, 1 — 1))

: Vg1:GL(1), g2:GL(n).

COO(R<g1, O> X IRn<g2) 0>> R<Scalen(g1)g2> 0>)

. Vg:GL(1), 0:0(n).

C*(R"((scale,, g)(ortho, o), 0>><
R"{(scale, g)(ortho, 0),0), R{(scale, g)%,0))



sin
cos
exp
const :
id

(>>):

:VzZ. C°(R(1, 271 * z), R(1,0))
:VzZ. C°(R(1, 27 * z), R(1,0))

L VET(1). C°(R(1, ), R{exp t,0))

Y] = C*(X,Y)

1 CP(X, X)

C®(X,Y) — C°(Y,Z) — C°(X, 2)



Group-indexed types yield invariance properties
as free theorems



Group-indexed types yield invariance properties
as free theorems
(proved using a parametric model built using reflexive graphs)



A syntax for smooth invariant functions:

ONAFM: X

where
O = o : Kqy-.ey Xy ¢ Ky - kinding context
I'=2z1:A1y ey Zm : Ay - typing context
A =x1: Xy, ..., X+ Xj - spatial context

» Semantics is given by translation into Fw

» OMAFM:X = OFTF|[M:C?AX)



Some Classical Mechanical Systems



Free Particle
O=1t:T(1),t:T(3),0:0(3)

M= m:R(1,0)f
A = t:R(1, t;), x : R*(orthos(0), ty), x : R*(orthos(0), 0)

L:;m(ic-)'c):]R(l,O)



Free Particle
O=1t:T(1),t:T(3),0:0(3)

M= m:R(1,0)f
A = t:R(1, t;), x : R*(orthos(0), ty), x : R*(orthos(0), 0)

L:;m(ic-)'c):]R(l,O)

Free theorems

Vi € R [L](t+ 1, % %) = [L] (4% %) = energy
Vi, € R3. [L](t, ¥+ fx, ¥) = [L](t, %, X) = linear momentum
VO € O(3). [L](t, OX, OX) = [L](t, X, X) = angular momentum



In detail:
YO € 0(3). [L](t, 0%, O%) = [L](t, %, X

In particular (rotation around the z-axis):

cose sine 0
O = —sine cose 0
0 0 1

Apply Noether’s theorem with:

X X1 X1 COS € + X 8in €
Yelx ]| =0 x| = | —x1sine+ xcose
X3 X3 X3

Derive the conservation law:

(mxx, — mix;) =0

dt



Particle in an arbitrary potential field:

O =1t:T(1),0:0(3)
M= m:[R(1,0),
V:V0:0(3). C°(R3(orthos(0),0), R(1,0))
A = t:R(1, t;), x : R}(orthos(0), 0), x : R*{orthos(0), 0)

L= ;m(jc- i) — V(x) : R(1,0)

Conserved Quantities:
> Energy
» Angular momentum

Even though V is unknown



n-body problem

© =n:Nat,t;: T(1), £ :T(3),0: O(3)

I'= m:{R(1,0)

A=1t:R(1,t)
x:vecn

(])R3<0rtho3(o), te))s
x:vecn (R

*(orthos (o), 0))

L= %m(sum (map (x;. x; - X)) X)—

sum (map ((x;, x7). Gm?/|x; — xj{) (cross x x)) : R(1,0)



n-body problem

© =n:Nat,t;: T(1), £ :T(3),0: O(3)
I'= m:{R(1,0)
A= t:R(1, 1),

x: vec n (R3(orthos(0), t,)),

% : vec n (R3(orthos(0), 0))

L= %m(sum (map (x;. x; - x;)) X)—

sum (map ((x;, x7). Gm?/|x; — xj{) (cross x x)) : R(1,0)
Conserved quantities:
> Energy
» Linear momentum

> Angular momentum



Pendulum:



Pendulum:

L=lety=1Isin0in
let % = 10 cos 0 in
let = —I0sin @ in
%m()'cz + %) — mgy : R(1,0)



Pendulum:

L=1lety=1IsinBin
let x = 10 cos 0 in
let y = —I0sin 0 in
%m()'cz + %) — mgy : R(1,0)
Free theorems:

Energy conservation

Invariance under z : Z not smooth = no conserved property



Damped spring

O=t:T(1)
I'= k:R(1,0)f
A=1t:R(1,t+ t;), x: R{exp(—t),0), x: R{exp(—t;), 0)

L= (;xz — ;xz) exp(t) : R(1,0)



Damped spring

O=t:T(1)
I'= k:R(1,0)f
A=1t:R(1,t+ t;), x: R{exp(—t),0), x: R{exp(—t;), 0)

L= (;xz — ;xz) exp(t) : R(1,0)

Conservation Law:



Summary
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In the paper:
Kinds, types, and terms for Classical Mechanics
Model using reflexive graph categories
More examples

Future work (sober):
Type Inference
More invariance properties (via dependent types)
More examples

Future work (delusional):
Quantum Field Theory
Checking preconditions for using numerical techniques
Type theoretic reconstruction of the Standard Model?



