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What is Abstraction?



The Abstract is ‘an Enemy’: Alternative Perspectives to
Computational Thinking

(Alan F. Blackwell, Luke Church, and Thomas Green, 2008)
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Abstraction: categorisation?



Abstraction: categorisation?



LOCUS SOLUM: From the rules of logic to the logic of rules
(Jean-Yves Girard, 2001)

Appendix A: “A pure waste of paper”



Programming with Abstract Data Types
(Barbara Liskov and Stephen Zilles, 1974)



“operations available on those objects”: Algebras?

empty : A
insert : int → A → A
member? : int → A → bool

An idea!
▶ If clients only “know” about the operations
▶ and omomorphisms preserve operations
▶ ... are clients invariant under change through homomorphism?



“operations available on those objects”: Algebras?

empty : A
insert : int → A → A
member? : int → A → bool

An idea!
▶ If clients only “know” about the operations
▶ and omomorphisms preserve operations
▶ ... are clients invariant under change through homomorphism?



“operations available on those objects”: Algebras?

empty : A
insert : int → A → A
member? : int → A → bool

An idea!
▶ If clients only “know” about the operations
▶ and omomorphisms preserve operations
▶ ... are clients invariant under change through homomorphism?



Types, Abstraction, and Parametric Polymorphism
(John Reynolds, 1983)



Abstraction Theorem:

given

α1, . . . , αn; Γ ⊢ M : A

and related instantiations for the type variables

X1OO

R1
��

X2OO

R2
��

. . . XnOO
Rn
��

Y1 Y2 . . . Yn

and environments: γ1 ∈ JΓK(X1, . . . ,Xn), γ2 ∈ JΓK(Y1, . . . ,Yn)

(γ1, γ2) ∈ RJΓK(R1, . . . , Rn)
then

(JMK(X1, . . . ,Xn)γ1, JMK(Y1, . . . ,Yn)γ2) ∈ RJAK(R1, . . . , Rn)
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Abstraction Theorem (simplified):

given

α; Γ ⊢ M : bool

and related instantiations for α:

X oo R // Y

and environments:

γ1 ∈ JΓKX, γ2 ∈ JΓKY s.t. (γ1, γ2) ∈ RJΓKR
then JMKXγ1 =bool JMKYγ2
The idea: If we switch X for Y, with sympathetic changes to the
environment, then the result is unchanged.
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Abstraction itself yields emergment properties
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(John Harrison, 2009)
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For the purposes of computing the area:

Idea: One instance stands for many



“A rose by any other name would smell as sweet”
(William Shakespeare,∼1591–5)

λx. x ≡α λy. y

Nominal Sets: Names and Symmetry in Computer Science
(Andrew Pitts, 2013)

from Nominal Techniques. “In contrast” to using semantic functions
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For this talk:
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A Simple Model for Change Invariance
(Edmund Robinson and Guiseppe Rosolini, 1994)

(A., Neil Ghani, and Patricia Johann, 2014)



Type = objects + changes

ΓO : Set set of objects
ΓR : ΓO × ΓO → Set set of changes from one object to another
Γrefl : ∀γ:ΓO. ΓR(γ, γ) “do nothing” change

Reflexive Graphs
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Reflexive Graphs





1. Boring old sets

(↑X)O = X
(↑X)R(x, y) = {∗ | x = y}
(↑X)refl(x) = ∗



1. Boring old sets (↑X)R(x, y) = {∗ | x = y}.

2. Groups

(GL2)O = {∗}
(GL2)R(∗, ∗) = invertible linear transformations onR2

(GL2)refl(∗) = id



1. Boring old sets (↑X)R(x, y) = {∗ | x = y}.

2. Groups GR(∗, ∗) = G.

3. Groupoids

Permo = N
PermR(m, n) = {π | m = n, π ∈ S(n)}
permrefl(n) = id



1. Boring old sets (↑X)R(x, y) = {∗ | x = y}.

2. Groups GR(∗, ∗) = G.

3. Groupoids GR(x, y) = G(x, y)

4. Distances
DistO = ∗
DistR(∗, ∗) = R≥0

Distrefl(∗) = 0
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Type families A ∈ Ty(Γ)

AO : ΓO → Set
AR : ∀γ1, γ2:ΓO. ΓR(γ1, γ2)× AO(γ1)× AO(γ2) → Set
Arefl : ∀γ:ΓO, a:AO(γ). AR(γ, γ,Γrefl(γ), a, a)



Numbers, under scaling

num ∈ Ty(GL(1))
numO(∗) = R
numR(∗, ∗, k, x, y) = {∗ | x = k · y}
numrefl(∗, x) = ∗

Relational Parametricity and Units of Measure
(Andrew Kennedy, 1997)

Numbers, under scaling

num ∈ Ty(Dist)
numO(∗) = R
numR(∗, ∗, d, x, y) = {∗ | |x− y| ≤ d}
numrefl(∗, x) = ∗

Distance Makes the Types Grow Stronger
(Jason Reed and Benjamin C. Pierce, 2010)
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Decoding Small types

T ∈ Ty(U)
TO(A) = A
TR(A, B, R, a, b) = {∗ | R(a, b)}
Trefl(A, a) = ∗



TermsM ∈ Tm(Γ,A) of parameterised type A ∈ Ty(Γ)

Mo : ∀γ:ΓO. AO(γ)
Mr : ∀γ1, γ2:ΓO, γr:ΓR(γ1, γ2). AR(γ1, γ2, γr,Mo(γ1),Mo(γ2))

such that, for all γ ∈ ΓO,

Mr(γ, γ,Γrefl(γ)) = Arefl(γ,Mo(γ))

Mr generalises the Abstraction Theorem

refl preservation generalises Identity Extension Lemma
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Π-types: ΠAB ∈ Ty(Γ) from A ∈ Ty(Γ), B ∈ Ty(Γ.A)

(ΠAB)O(γ)
= {(f, r) | f : ∀a ∈ AO(γ).BO(γ, a),

r : ∀a1, a2 ∈ AO(γ), ar ∈ AR(γ, γ,Γrefl(γ))(a1, a2).
BR((γ, a1), (γ, a2), (Γrefl(γ), ar))(f(a1), f(a2)),

∀a. r(a, a,Arefl(γ, a)) = Brefl(γ, a)(f(a)))}

(ΠAB)R(γ1, γ2, γr)((f1, r1), (f2, r2))
= ∀a1 ∈ AO(γ1), a2 ∈ AO(γ2), ar ∈ AR(γ1, γ2, γr)(a1, a2).

BR((γ1, a1), (γ2, a2), (γr, ar))(f1(a1), f2(a2))

Only the change invariant functions.



Using the Model



“Free” Theorems
(Philip Wadler, 1989)



M : Πα:U. Tα → Tα

interpreted as:

Mo : ∀X:set. X → X
Mr : ∀X,Y:set, R:Rel(X,Y), x:X, y:Y.(x, y) ∈ R ⇒ (Mo X x,Mo Y y) ∈ R

Special case: for all X and x,Mo X x = x.



Geometric Group Indexed Types



Parameterised Types for Geometry:

Rn : GL(n) → T(n) → CartSp
C∞ : CartSp → CartSp → U* − + : CartSp → U

where
GL(n) − invertible linear transformations
O(n) − orthogonal linear transformations
T(n) − translations
CartSp − cartesian spaces



area : ΠB:GL(2), t:T(2).
R2⟨B, t⟩ → R2⟨B, t⟩ → R2⟨B, t⟩ → R⟨|det B|, 0⟩

Symmetry as a Guide:
We have p1 : R2⟨B, t⟩, p2 : R2⟨B, t⟩, p3 : R2⟨B, t⟩

goal is R⟨|det B|, 0⟩
select one to be the “origin”:
(p2 − p1) : R2⟨B, 0⟩ and (p3 − p1) : R2⟨B, 0⟩

remove rotational symmetry and get area of parallelogram:
(p2 − p1)× (p3 − p1) : R⟨det B, 0⟩

remove reflectional symmetry:
|(p2 − p1)× (p3 − p1)| : R⟨|det B|, 0⟩

halve:
1
2 ∗ |(p2 − p1)× (p3 − p1)| : R⟨|det B|, 0⟩

Each step is a type isomorphism, justified by change invariance.
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Term constants for Classical Mechanics:

c⃗ : * Rn⟨1, 0⟩+
0 : Πg:GL(n). * Rn⟨g, 0⟩+
(+) : Πg:GL(n), t1, t2:T(n). C∞(Rn⟨g, t1⟩ × Rn⟨g, t2⟩,Rn⟨g, t1 + t2⟩)

(−) : Πg:GL(n), t1, t2:T(n). C∞(Rn⟨g, t1⟩ × Rn⟨g, t2⟩,Rn⟨g, t1 − t2⟩)
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sin : Πz:Z. C∞(R⟨1, 2π ∗ z⟩,R⟨1, 0⟩)

cos : Πz:Z. C∞(R⟨1, 2π ∗ z⟩,R⟨1, 0⟩)

exp : Πt:T(1). C∞(R⟨1, t⟩,R⟨exp t, 0⟩)

const : *Y+ → C∞(X,Y)

id : C∞(X,X)

(>>>) : C∞(X,Y) → C∞(Y, Z) → C∞(X, Z)



Free Particle

Γ = tt : T(1), tx : T(3), o : O(3),m : *R⟨1, 0⟩+
∆ = t : R⟨1, tt⟩, x : R3⟨ortho3(o), tx⟩, ẋ : R3⟨ortho3(o), 0⟩

L = 1

2
m(ẋ · ẋ) : R⟨1, 0⟩

Free theorems⇒ Conservation laws
(Emmy Noether, 1918)

∀tt ∈ R. JLK(t+ tt, x⃗, ˙⃗x) = JLK(t, x⃗, ˙⃗x) ⇒ energy
∀t⃗x ∈ R3. JLK(t, x⃗+ t⃗x, ˙⃗x) = JLK(t, x⃗, ˙⃗x) ⇒ linear momentum
∀O ∈ O(3). JLK(t, O⃗x, O ˙⃗x) = JLK(t, x⃗, ˙⃗x) ⇒ angular momentum
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Pendulum:

Γ = tt : T(1), z : Z,m : *R⟨1, 0⟩+, l : *R⟨1, 0⟩+
∆ = t : R⟨1, tt⟩, θ : R⟨1, 2π ∗ z⟩, θ̇ : R⟨1, 0⟩

L = let y = l sin θ in
let ẋ = lθ̇ cos θ in
let ẏ = −lθ̇ sin θ in

1
2m(ẋ

2 + ẏ2)− mgy : R⟨1, 0⟩

Free theorems:
Energy conservation
Invariance under z : Z not smooth⇒ no conserved property
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Non-example



Higher-Order Abstract Syntax

∀α.

lam: ((α → α) → α) →
app: (α → α → α) →

α

 ∼= closed λ-terms

Seems to need Kripke-indexed relations.



de-Meta-ing the Model



TheMartin-Löf Identity Type:

Γ ⊢ A type Γ ⊢ a1 : A Γ ⊢ a2 : A
Γ ⊢ Id(A, a1, a2) type

So why not a Relatedness Type:

Γ ⊢ A type Γ ⊢ a1 : A Γ ⊢ a2 : A
Γ ⊢ Rel(A, a1, a2) type
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Objects are equal to themselves:

Γ ⊢ a : A
Γ ⊢ refl(a) : Id(A, a, a)

Objects are related to themselves:

Γ ⊢ a : A
Γ ⊢ refl(a) : Rel(A, a, a)



Objects are equal to themselves:

Γ ⊢ a : A
Γ ⊢ refl(a) : Id(A, a, a)

Objects are related to themselves:

Γ ⊢ a : A
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Equality reflects:

Γ ⊢ P : Id(A, a1, a2)
Γ ⊢ a1 ≡ a2 : A

Γ ⊢ P : Id(A, a1, a2)
Γ ⊢ P ≡ refl(a1) : Id(A, a1, a2)

Relatedness computes:

Rel(ρ,U,M1,M2) ≡ TM1 → TM2 → Prop
Rel(ρ,Πx:A.B,M1,M2) ≡ Πx1:A{src(ρ)}.

Πx2:A{tgt(ρ)}.
Πxr:Rel(ρ,A, x1, x2).

Rel((ρ, x = ⟨x1, x2, xr⟩), B,M1x1,M2x2)
Rel(ρ,TX,M1,M2) ≡ T(refl(ρ,X)M1 M2)

refl(ρ, x) ≡ ρ(x)
refl(ρ,MN) ≡ refl(ρ,M) N{src(ρ)} N{tgt(ρ)} refl(ρ,N)
refl(ρ, λx.M) ≡ λx1.λx2.λxr.refl((ρ, x = ⟨x1, x2, xr⟩),M)
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Link back to equality:

Γ ⊢ P : Prf(refl(X)M1 M2)

Γ ⊢ M1 ≡ M2 : TX

Γ ⊢ P : Prf(refl(X)M1 M2)

Γ ⊢ P ≡ refl(M1) : Prf(refl(X)M1 M2)

Internalises: reflexive relation on small types is equality.



Future work...



WLOG Programming?



Types for Scientific Computing?



Types for Scientific Theories?



Constructive Change for Incremental Computing?



Making Abstraction Visible?



Was that a good model of Change Invariance?




