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Dependency and Accountancy
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Separation interferes with dependency:
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n : Nat, x : Fin(n) | x̂ : F̂in(n, x) ⊢ (x, x̂, refl(x)) : (y : Fin(n)) × F̂in(n, y) ⊗ (x ≡ y)
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Quantitative Coeffect calculi:

x1
ρ1
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▷The ρi record usage from some semiring R
. 1 ∈ R — a use
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. ρ1 + ρ2 — adding up uses (e.g., in an application)
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Can we adapt this idea to dependent types?
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▷ allow 0-usage data to appear in types.

(McBride, 2016)
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In the paper… additional type formers

1. Quantitative Σ-types;
2. Boolean type;
3. Universe of small sets (only exists in the σ = 0 fragment).
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Quantitative Category with Families

1. Category L for interpreting contexts and simultaneous substitutions;

2. U : L → C forgetting the computational content;
3. Addition and scaling structure on L, fibred over U;
4. Semantic types formed with respect to C:

S ∈ Ty(∆), ∆ ∈ ObC;

5. Semantic terms, resourced and unresourced:

M ∈ Tm(∆, S), ∆ ∈ ObC, S ∈ Ty(∆)
M ∈ RTm(Γ, S), Γ ∈ ObL, S ∈ Ty(UΓ);

6. Semantic zero-ing: U : RTm(Γ, S)→ Tm(UΓ, S);
7. Resourced counterparts of substitution and comprehension, preserved by U.
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Realisability Models
R-Linear Combinatory Algebras (R-LCAs)

(Abramsky, Haghverdi, and Scott, 2002)

A carrier A with an application operator (·) and unary operators !ρ, ρ ∈ R, and:

B · x · y · z = x · (y · z)
C · x · y · z = x · z · y
I · x = x
K · x · !0y = x
Wπρ · x · !π+ρy = x · !πy · !ρy
D · !1x = x
δπρ · !πρx = !π !ρx
Fρ · !ρx · !ρy = !ρ(x · y)

For example: any LCA gives a 0, 1, ω-LCA; any BCI algebra gives a N-LCA; any SK
algebra gives a {0, 1}-LCA.
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Realisability Models

1. Let C = Set, category of sets and functions
2. Let L be Assemblies over A

sets with computational information

3. U : L → C forgets the computational information
4. Types S ∈ Ty(∆) include computational information, but:

only depend on non-computational part

5. Terms M ∈ RTm(Γ, S) are tracked by realisers from A
6. Terms M ∈ Tm(∆, S) are set theoretic functions

Read constructively, yields an “efficient” compilation method for QTT, which respects
and uses the usage information.



Main contribution

An interpretation of Type Theory that allows for “sub-computational” models

1. No longer need the full power of SK;
2. R-LCAs allow for interesting refined models of computation;
3. For example — (future work!)

3.1 Hofmann and Dal Lago’s realisability models of Implicit Computational Complexity;
3.2 Geometry of Interaction models,

incl Abramsky’s A structural approach to reversible computation, 2005;
3.3 Imperative models, after Ahmed, Fluet, Morrisett’s L3;
3.4 Staged models



Main contribution

An interpretation of Type Theory that allows for “sub-computational” models

1. No longer need the full power of SK;
2. R-LCAs allow for interesting refined models of computation;
3. For example — (future work!)

3.1 Hofmann and Dal Lago’s realisability models of Implicit Computational Complexity;
3.2 Geometry of Interaction models,

incl Abramsky’s A structural approach to reversible computation, 2005;
3.3 Imperative models, after Ahmed, Fluet, Morrisett’s L3;
3.4 Staged models



Summary



▷Quantitative Type Theory:
Fixed and extended formulation of McBride’s “Plenty o’ Nuttin”’ system

▷ Categorical and Realisability models
QCwFs, and models in R-LCAs

Future work
▶ More R-LCAs, for more applications (ICC, reversible computation, …)
▶ Combination with split context systems
▶ Implementation (already started in Idris)
▶ Internalisation of extensional properties yielded by quantitative information
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